Abstract. In this paper, considering the geometric equivalence for algebras of a variety S A of S-acts over a monoid S, we obtain representation theorems describing all types of the equivalence classes of geometrically equivalent S-acts of varieties S A over groups S.
Introduction
In the last decade, by Prof. B. I. Plotkin and his school, algebraic geometry was introduced in a quite general setting -namely, algebraic geometry over algebras of an arbitrary variety of universal algebras (not only of group varieties as, for example, in [1] ) -that brought forth a fascinating new area of algebra known as universal algebraic geometry (see, e.g. [11] , [12] , [2] , [14] , and [6] for details). And one of the principal problems in algebraic geometry over algebras of a variety Θ of universal algebras involves studying interrelations between relations between algebras G 1 and G 2 of Θ and relations between G 1 -and G 2 -geometries over them. As has repeatedly been emphasized in [15] , [14] , [12] , and [11] , the fundamental notion of geometric equivalence, heavily based on congruence theories of finitely generated free algebras of the variety Θ, proves to be crucial and important in all investigations concerning this problem (one may consult [13] , [3] , [4] , [17] , and [16] for activity, obtained results and open problems in this direction).
In this paper, continuing studying problems associated with algebraic geometry over algebras of varieties S A of S-acts over monoids S, initiated in [7] , we consider the geometric equivalence of algebras in the varieties S A. After introducing some notions and facts of algebraic geometry over algebras of S A needed in a sequence, in Section 3, among other results, we obtain the main results of the paperthe representation theorems (Theorems 3.21 and 3.22) -describing all types of the equivalence classes of geometrically equivalent S-acts of the varieties S A over groups S. We conclude the paper by stating three open problems, delineating quite interesting and promising, in our view, directions for further investigations.
Finally, all notions and facts of categorical algebra, used here without any comments, can be found in [9] ; for notions and facts from universal algebra, we refer to [5] .
2. Basic preliminary notions and facts of algebraic geometry over S-acts 2.1. Algebraic varieties and closed congruences. Recall (see, e.g. [8] ) that a left S-act over a monoid S is a non-empty set A together with a scalar multiplication (s, a) → sa from S × A to A such that 1 S a = a and (st)a = s(ta) for all s, t ∈ S and a ∈ A. Right S-act over S and homomorphisms between S-acts are defined in the standard manner. And, from now on, let S A denote the category of left S-acts over a monoid S. Then (see, for example, [8] ), a free (left) S-act with a set of free generators, or a basis set, I is a coproduct i∈I S i , S i ∼ = S S, i ∈ I, of the copies of S S in the category S A. It is obvious that two free S-acts i∈I S i and j∈J S j are isomorphic in S A iff |I| = |J|, and, hence, by [6, Definition 2.8] S A is an IBN-variety. Let X 0 = {x 1 , x 2 , . . . , x n , . . .} ⊆ U be a fixed denumerable set of an infinite universe U, and S A 0 the full subcategory of free S-acts F X def = x∈X S x , X ⊆ U, |X| < ∞, with a finite basis X of the variety S A.
For a fixed S-act G ∈ | S A| of the variety S A and a free algebra F X ∈ | S A 0 |, the set S A(F X , G) of homomorphisms from F X to G is treated as an affine space over G consisting of points (homomorphisms) µ : F X −→ G. Any system T = {s x i = t y i | x i , y i ∈ X, s x i ∈ S x i , t y i ∈ S y i , i ∈ I} of the equations in free variables of X in F X can be obviously viewed as the binary relation T ⊆ F X × F X on F X , and a point (homomorphism) µ :
Thus, for any set of points A ⊆ S A(F X , G) and any binary relation T ⊆ F X × F X on F X , the assignments
define the Galois correspondence between binary relations (or systems of equations) T on F X and sets of points A of the space S A(F X , G). A congruence T on F X is said to be G-closed if T = A ′ for some point set A ⊆ S A(F X , G); a point set A is called a G-closed set, or an algebraic variety, in the space S A(F X , G) if A = T ′ G for some relation T on F X . As usual, the Galois correspondence produces the closures:
And one easily obtains the following observation.
G , and therefore, there exists an embedding F X /T G I for the set
Analogously, we have
2.2. The functors Alv G and Cl G over S A 0 . We consider two natural functors:
where the relation sB
One can easily see that the just defined mappings Alv G and Cl G are indeed covariant and contravariant functors, respectively. Also, from the results of [14, Section 2.2] it is easy to see that for any F X ∈ | S A 0 | the sets Alv G (F X ) and Cl G (F X ) are meet-semilattices with the respect to the natural partial orders on the set of all subsets of S A(F X , G) and 
. Thus, considering a particular case of the varieties S A, namely the case when the monoid S = {1}, and therefore, S A is just the category Set of non-empty sets, and in contrast to [12, Theorem 1], we have the following observation.
Proposition 2.4. In Set, the singletons are the only geometrically stable sets.
Proof. Let G, X ∈ Set, and |G| = 1. As it is clear that all congruences on X are just equivalence relations, Cl G (X) has only the universal equivalence relation, and |Alv G (X)| = 1, G is geometrically stable.
Let G, X ∈ Set, |G| ≥ 2, and T an equivalence relation on X. Then from obvious and well-known set theory facts, there are embeddings X/T 2 |X/T | G |X/T | , and therefore, by Corollary 2.2 the equivalence relation T is G-closed. Now take X = {x 1 , x 2 , x 3 }, and let
Geometrically equivalent S-acts
For varieties of S-acts, the notion of geometric equivalence is defined as follows. [12] ) Two S-acts G 1 , G 2 ∈ | S A| are said to be geometrically equivalent,
From the proof of Proposition 2.4 one immediately obtains the following description of geometrically equivalent classes in Set.
Theorem 3.2. In Set, there are only two classes of geometrically equivalent sets: singletons, and all sets with more then one element.
I for any G and any set I.
Proof. Because of the diagonal embedding G G I , it follows from Lemma 3.
be the natural projections, T a binary relation on F X , and α ∈ T ′ G I . Then, T ⊆ Ker π i α for any i ∈ I, and, hence,
The next observation will prove to be a quite useful generalization of Corollary 3.4.
Corollary 3.5. Let for G 1 and G 2 there exist sets I and J and embeddings
Now let S B ⊆ S A be a subvariety of the variety S A. As is well-known (see, for example, [10, Chapter VI]), a free algebra with a finite basis X in the variety S B is, in fact, the factor algebra F X /τ of F X ∈ | S A 0 | modulo τ , where τ is a corresponding verbal congruence. For a congruence T on F X /τ and the epimorphism π :
) ∈ T } be the inverse image of the congruence T . In these notations, we have the following observation.
Proposition 3.6. For any G ∈ | S B|, the mapping T −→ π −1 T is a bijection between the sets of G-closed congruences in S B and in S A.
Ker α. One may easily see that the latter is a limit of a corresponding diagram, and therefore, applying the results of [9, Section 9.8] on iterated limits, obtain that π
Ker απ, and, hence, π −1 T is G-closed in S A, too. Now, if a congruence T on F X is G-closed, then, since G ∈ | S B|, one has T = ∩ α∈A Ker απ for some A ⊆ S B(F X /τ , G), and, again taking into consideration the iterated limits, obtains that T = π −1 (∩ α∈A Ker α). As ∩ α∈A Ker α is a G-closed congruence on F X /τ , we conclude that any G-closed congruence on F X is an inverse image of G-closed congruence on F X /τ .
Noting that π(π −1 T ) = T for any congruence T on F X /τ , we end the proof. 
Defining an S-act A to be trivial iff sa = a for any s ∈ S and a ∈ A, one readily sees that all trivial S-acts form a subvariety of the variety S A, defined by the identities ∀x(sx = x), s ∈ S, and actually coinciding with Set. From this observation, Corollary 3.7, and Theorem 3.2 we have Corollary 3.8. In S A, all trivial S-acts of cardinality greater than one are geometrically equivalent.
As usual, an S-act A ∈ | S A| is cyclic if there is a ∈ A such that S A = {Sa}, and S A is called simple if it has no proper subacts. It is obvious that any simple act is cyclic.
From now on, we assume that a monoid S is a group. Then, it is clear that any cyclic act is simple, and, by [8, Proposition 1.5.34], any act A ∈ | S A| is a disjoint union, or a coproduct in the category S A, of simple (cyclic) subacts. Moreover, using [8, Proposition 1.5.17], one can easily see that for any cyclic act S G there exists a subgroup G of S such that S G is isomorphic to the act S S/G of the left cosets modulo G; and, therefore, any A ∈ | S A|, in fact, can be considered as a coproduct of suitable left cosets S S/G def = S G of the group S. Proposition 3.9. Let G and H be subgroups of a group S, and the cyclic S-acts S S/G = S G and S S/H = S H geometrically equivalent. Then there are α, β ∈ S such that G α def
H, s ∈ S} be the congruences on the act S S, and π 1 : S S −→ S S/T 1 = S S/G = S G, π 2 : S S −→ S S/T 2 = S S/H = S H the canonical epimorphisms corresponding to the subgroups G, H ⊆ S, respectively. As
, and, since G △ ∼ H, T 1 ∈ Cl H ( S S), too. Therefore, there exists a homomorphism f : S S −→ S H such that Ker f ⊇ T 1 , and, hence, there is such a homomorphism α : S G −→ S H that f = απ 1 . From this and noting that the free object S S ∈ | S A| is obviously projective in the category S A (see, also [8, Proposition III.17.2]), we have απ 1 = π 2 α for some α : S S −→ S S. Agreeing to write endomorphisms of S S on the right of the elements they act on, one can easily see that actions of endomorphisms actually coincide with multiplications of elements of S S on the right by elements of the monoid S, and, therefore, End( S S) = S, and, thus, ∀s ∈ S : α(s) def = sα, where α ∈ S. Then, from the equation απ 1 = π 2 α, we have: (sg 1 , sg 2 ) ∈ T 1 =⇒ (sg 1 α, sg 2 α) ∈ T 2 ⇐⇒ g 1 αh = g 2 α for some h ∈ H ⇐⇒ (α −1 g 1 α)h = α −1 g 2 α for some h ∈ H. Therefore, we have that G α = α −1 Gα ⊆ tH for some t ∈ S. Show that, in fact, t ∈ H. Indeed, if g 1, g 2 ∈ G, then there exist h 1, h 2 , h 3 ∈ H such that α −1 g 1 α = th 1 , α −1 g 2 α = th 2 , α −1 g 1 g 2 α = th 3 , and, hence, th 3 = th 1 th 2 from which immediately follows that t ∈ H. Thus, we have proved an inclusion G α = α −1 Gα ⊆ H for some α ∈ S. By symmetry, we also obtain an inclusion H β = β −1 Hβ ⊆ G for some β ∈ S. Proposition 3.10. Let G and H be subgroups of a group S, and
Proof. Let π G : S S −→ S G, π H : S S −→ S H be the canonical epimorphisms corresponding to the subgroups G, H ⊆ S, respectively. Then,
Hence, assuming S H △ ∼ S G, we have that T is an S G-closed congruence, too; and therefore, there exist a family of homomorphisms f i : S S −→ S G, i ∈ I, such that T = ∩ i∈I Ker f i . However, using the Yoneda lemma (see, for example, [9, Section III.2]) and the fact that S S is a projective(free) object in the category S A, one immediately has that for any i ∈ I, there exists an isomorphism α i ∈ Iso S A( S S, S S) = S such that f i = π G α i , and therefore, Ker f i = Ker π H = T = Ker π H . Thus, T = ∩ i∈I Ker f i .
Lemma 3.11. Let G and H be subgroups of a group S, and G α = α −1 Gα = H for some α ∈ S. Then, S H ∼ = S G in S A, and there-
Proof. Using the equation Gα = αH, it is enough only to show that assigning S G ∋ sG −→ sαH ∈ S H for any left G-coset sG ∈ S G, one establishes an isomorphism in S A. And this fact can easily be checked in a habitual fashion.
Theorem 3.12. For any subgroups G and H of a group S, S H
Proof.⇐=. This follows from Lemma 3.11. =⇒. By Propositions 3.9, 3.10 and using Lemma 3.11, one obtains that G α = H.
In what follows, let z, perhaps with indexes, denote a singleton considered as a trivial S-act, so to speak, a zero S-act. Using this agreement, we obtain Proposition 3.14. For any S-act A ∈ | S A| without zero subacts, the following statements are true:
Proof. (i). Let F X = S x 1 S x 2 for X = {x 1 , x 2 }, and α :
I and the embedding a, a, . . . , a, . . .) for any a ∈ A, and let z i go to the string having z 1 in the i-th place and z 2 everywhere else for any i ∈ I. Then, applying Corollary 3.5, we end the proof.
Introducing A ( * )I def = i∈I A i , A i = S A, i ∈ I, for any S A ∈ | S A| and any set I, we also have Proposition 3.15. For any S-act A ∈ | S A| without zero subacts, B ∈ | S A|, and I with |I| ≥ 1, the following statements are true: (ii). Just using the embedding B A Proposition 3.17. For any S-acts A, B ∈ | S A| without zero subacts, the following statements are true:
Proof. (i). Consider S-act
Proof. (i). Let F X = S x 1 S x 2 for X = {x 1 , x 2 }, and α : F X −→ B z be such a homomorphism that α(S x 1 ) ⊆ B and α(S x 2 ) = z. It is obvious that a non-universal congruence Ker α ∈ Cl B ∐ z (F X ); however, Ker α / ∈ Cl A (F X ). (ii). The same arguments as in (i) work well for this case, too. Proof. Consider the embedding
( * )I goes to the string having a ∈ A 1 in the i-th place and a ∈ A 2 everywhere else for any i ∈ I. Then, using the obvious embeding A ( * )2 A ( * )I and applying Corollary 3.5, we get the statement. Proof. Consider the following embeddings C A
I , where the last embedding defined as follows:
Then, considering the similarly defined embeddings C B
(C A) J and using Corollary 3.5, we end the proof. Proof. This follows from the embeddings defined in the proof of Proposition 3.18 and Proposition 3.19.
The relation △ ∼ of geometric equivalence on the class | S A| of objects of the variety S A is clearly an equivalence relation. Thus, denoting by
∼ A} the class of all S-acts geometrically equivalent to an S-act A, we obtain the following a representation theorem for the 
, where K, T , and L are some subsets of J and M, respectively, and
Proof. As was mentioned above, from [8, Propositions I.5.17 and I. 5 .34] one readily gets that any S-act A ∈ | S A| is isomorphic to a coproduct of some G j , j ∈ J, and zero S-acts. From this, and using a transfinite induction if a group S contains an infinite number of subgroups, i.e., |J ∪ M| ≥ ω, the result immediately follows from Propositions 3.14, 3.15, 3.16, 3.17, and Corollary 3.20.
As a corollary of Theorem 3.21 and Corollary 3.13, we obtain a simpler version of a representation theorem for the △ ∼-equivalence classes of S-acts over abelian groups S. (
Using Proposition 3.16, we also have Corollary 3.26. In S A, all free S-acts are geometrically equivalent, i.e., they are in [S], provided |S| > 1.
In conclusion, we state the following, in our view, interesting and promising problems. Problem 2. In light of Corollaries 3.25 and 3.26, in which were considered the classes of injective and free S-acts, respectively, it is interesting to obtain analogs of those results for other homological classes of S-acts (see, e.g., [8] ).
Problem 3.
To extend the considerations results of the present paper, obtained for S-acts over groups S, to some other interesting varieties S A over "nice" monoids S.
